Prime number multiplet classifications and patterns are extended to negative integers. The extension from prime numbers to single prime powers is also studied. Prime number septets at equal distance are given. It is also shown that each class of generalized twin primes of the classification contains a positive fraction of all prime pairs.
Introduction
The basic classification [1] of prime number twins relies on the following sieve principle. Every third number from 1 to ∞ is divisible by 3. If the greatest common divisor (D, 3) = 1, then one of 3 odd numbers at distance 2D is divisible by 3. Now 3 can be replaced by any odd prime number. This generalized sieve principle then yields exceptional prime triplets (and more general prime number multiplets) in Theor. 7 of Ref. [1] or Theor. 2.3 of Ref. [2] and Cor. 10 of [1] explaining the often noted empirical rule that longer (than 3) prime number sequences at equal distance 2D must have 3|D also (so D is excluded from Theor. 7 and Theor. 2.3).
As in Refs. [1] , [2] , [3] , we ignore as trivial the prime pairs (2, p) of odd distance p − 2 with p any odd prime. In the following prime number multiplets will consist of odd primes only. We generally follow the notations of Refs. [1] , [2] .
Extension to Negative Integers
In the context of prime number generating polynomials it is often useful to include negative values of the argument and the polynomial. This motivates extending the twin prime classification to negative integers. We find at once that the basic classification of twin primes in Theor. 2 of Ref. [1] or Theor. 2.2 of Ref. [2] , which generalizes to all prime number multiplets, remains valid when negative integers are included. The running integer variable a then is simply allowed to assume negative values as well.
The classes of odd prime number twins at distance 2D [2] , 
contain all infinitely many prime pairs (p i < p f ). Special prime pairs are 3, 3+2D with D of class II and median 3+D = 3(2a−1). However, if D is odd, then 3 + D = 2a is even, and 2a ± D is a pair in class I. All others are special pairs of class II with D even. The proof is essentially the same as for Theor. 2 of Ref. [1] and Theor. 2.2 of Ref. [2] . The second classification [2] of prime pairs in terms of arithmetic progressions of conductor 6 also extends to negative numbers.
When exceptional prime triplets are examined one realizes that they sometimes continue as triplets to the left, and they reverse by multiplying by −1. 
at equal distance 12. Theorem 2. (i) There is at most one prime number quintet with distances [2D, 2D, 2D, 2D] for given D = 1, 2, 4, 5, . . . and (3, D) = 1 composed of a triplet starting at 3 going to the right and another to the left.
(ii) When the distances are [2d 1 , 2d 2 ] with 3|d 2 − d 1 and 3 |d 1 , there is at most one prime number quintet 3
The proof is essentially the same as for Theor. 7 of Ref. [1] or Theor. 2.3 of Ref. [2] .
The first line of Example 1 exhibits (ii) for the distance pattern [2, 8, 8, 2] , while the others are at equal distances 8, 10, 20, respectively, and correspond to (i). Remarkably, there is no case where the [2, 8] distance pattern moves left to become [2, 8, 2, 8] .
Exceptional prime number multiplets generalize similarly. Now, 3 can be replaced by any odd prime number p > 3, and 3|D is necessary to exclude the bi-triplets (quintets) of Theor. 2.
Corollary 3. For any prime p > 3 there is at most one (2p
This bi-p-tuple is composed of a p-tuple to the right and one to the left, both starting at p. The sequence just ahead of Theor. 2 is a case for p = 5, and D = 6.
The proof is essentially the same as for Cor. 10 of Ref. [1] and is applied to the left and right. The reversed 6-tuple 7, 37, 67, 97, 127, 157 at equal distance 30 has maximum length, being different from the exceptional 7-tuple below. Going left can at most yield 5 more primes. Thus, the decuplet is actually one short of optimal. Is there an 11-tuple starting from 7 at some distance divisible by 6? The exceptional septet of G. Lemaire (1909) [5] Another chaotic property of primes are their gaps. The largest gap in the interval (1, 98) is 8. Gaps increase erratically and go way up to 34 in (1300, 1400) and again in (2110, 2200), not to be reached again until much later in (8390, 8502). Up to about 10000, rare gap values are large single prime gaps, such as 2 · 13, 2 · 17, less rare are 2 · 5, 2 · 7, 2 · 11 and common are 2 n · 3, n = 1, Omission of prime at start or end leads to shorter multiplet and distance pattern.
Admission of Prime Powers
When single prime powers are admitted as equivalent to prime numbers, this amounts to inserting extra numbers from which multiplets can start to the left and right, with dramatic consequences. Now, there are far fewer exceptional multiplets because they may repeat starting at a prime power and, within positive numbers, they may go left as well.
Example 8. The triplet 3, 7, 11 at distances [4, 4] now repeats as 19, 23, 3
3 and goes on to 31, forming a quartet at equal distance 4. The exceptional triplet 3, 5, 13 at distances [2, 8] 
where the constant in O is ≤ 1. This does not happen for exponents m, n ≤ 9. In fact, after 5 − 3 = 2, these prime powers have their close encounter
to diverge exponentially from each other at the rate 1.08. ⋄ Lemma 10. Two prime powers p 
they diverge exponentially from each other. ⋄ Example 11. The numbers 9 and 7 meet as 3 2 − 7 = 2 and then diverge at the rate Proof. The sequence of the form p
A sequence of the form p 
Since m 2 ≥ 1, m 1 > m 2 we know that m 1 ≥ 2. So p Another consequence is that some almost-optimal prime number generating polynomials become optimal, a case in point being
A related case is Q 14 (j) =prime, j = 0, . . . , 11 forming a 12-plet, where
now forming a 13−tuple, i.e. becoming optimal. In addition, Q 14 (−x) = x 2 + 3x + 13 =prime for x = 0, . . . , 8; Q 14 (−9) = 11 2 forming a 23-plet over positive and negative arguments.
Number of Primes in Class I,II,III
With a, D running in each class I,II,III of the classification, it should to be easier to settle the question whether or not there are infinitely many generalized twins in each class than any twin prime conjecture with fixed distance 2D. Theorem 13. Each class I,II,III contains a positive fraction of all prime pairs. Altogether they encompass all prime pairs, except for special prime pairs from class II, (3, 3 + 2D) with median 3 + D = 3(2a − 1).
Proof. We construct the prime pair Dirichlet series using Golomb's arithmetic formula [4] for class III
in conjunction with the product theorem for Dirichlet series as in Ref. [3] . Let's pick a prime number p ′ from class III and hold it fixed. Write it as p ′ = 2a + 1 − 6D and let a, D run so that p = 2a+1+6D is a matching prime twin in class III for all appropriate a, D. Now we apply the methods of Ref. [3] to construct the Dirichlet series for these pairs of twins. The constraint Dirichlet series for this case is
involving an arithmetic progression of conductor 12. The twin prime series is given by
Here Z(s) is the twin prime sieve function [3] based on Golomb's formula [3] 
for σ > 1. Although the product formula 12 holds for σ > 3 only, the lhs analytically continues to the left-hand complex w−plane.
The series on the lhs of Eq. 12 contains the primes (and powers) of the arithmetic progression 12D + p ′ . With p ′ = 2a + 1 − 6D and matching prime 2a + 1 + 6D the constraint (2a + 1 − 6D, 2a + 1 + 6D)=1 is fulfilled. Here χ 12 are the characters (mod 12). We now invoke the prime number theorem for arithmetic progressions due to Siegel and Walfisz which states that, for any conductor q > 1, the primes are evenly distributed among the congruence classes coprime to q. The series (12) has a simple pole at w = 1 with a positive residue. The nonnegative coefficients on the lhs allow applying a Tauberian theorem implying that the density of these twin members in class III is a positive fraction of all primes. Letting p ′ run covers all prime pairs of class III. We proceed similarly for class II, pick a fixed prime p ′ ∈ {II}, write it as 3(2a−1)−D with a, D running so that 3(2a−1)+D = p with 3 |D, 2|D is a matching twin prime ∈ {II}. The constraint series is given by
The twin prime Dirichlet series for class II becomes
where χ 6 , χ 12 are the characters (mod 6) and (mod 12), respectively, and [x] is the largest integer below x.. Again, the series is over the primes (and their powers) of the relevant arithmetic progression. The application of the prime number theorem in conjunction with the Tauberian theorem leads to the same conclusion.
The constraint Dirichlet series is defined as 
The twin prime Dirichlet series becomes
where χ 4 are the characters (mod 4). Again, it has a simple pole at w = 1, the Tauberian theorem applies and gives the corresponding result. ⋄ Next, let us apply this method to the classes of the second generalized twin prime classification, Theor. 2.3 of Ref. [2] .
Corollary 14. The subset of twin primes p ′ , p ≡ 1 (mod 6) for a ≡ 0 (mod 3) in class III is a positive fraction of all prime pairs.
Proof. We have a = 3α, p ′ = 6α + 1 − 6D, p = 6α + 1 + 6D,
where p ′ is held fixed again, while α and D run. The constraint Dirichlet series is 
The associated twin prime series is
where χ 12 are the characters (mod 12). Again, it has a simple pole at w = 1, the Tauberian theorem applies and gives the corresponding result. ⋄ The method applies similarly to other classes of the second generalized twin prime classification in Theor. 2.3 of Ref. [2] .
